Non-relativistic field theories with anisotropic scale invariance in (1+1)-d are typically characterized by a dispersion relation E ∼ k z and dynamical exponent z > 1. The asymptotic growth of the number of states of these theories can be described by an extension of Cardy formula that depends on z. We show that this result can be recovered by counting the partitions of an integer into z-th powers, as proposed by Hardy and Ramanujan a century ago. This gives a novel relationship between the characteristic energy of the dispersion relation with the cylinder radius and the ground state energy. We show how these results are connected to free bosons with Lifshitz scaling and the quantum Benjamin-Ono 2 (BO 2 ) integrable system, relevant for the AGT correspondence. We provide boundary conditions for which the reduced phase space of Einstein gravity with a couple of U (1) fields on AdS 3 is described by the BO 2 equations. This suggests that the phase space can be quantized in terms of quantum BO 2 states. In the semiclassical limit, the ground state energy of BO 2 coincides with the energy of global AdS 3 , and the Bekenstein-Hawking entropy for BTZ black holes is recovered from the anisotropic extension of Cardy formula.
Introduction
Non-relativistic field theories in (1 + 1)-dimensions, possessing anisotropic Lifshitz scaling of the form t → λ z t , x → λx, (1.1) are typically characterized by modes with a dispersion relation E ∼ k z and entropy S ∼ E 1 z+1 , with dynamical exponent z > 1. They have been extensively studied in the context of the holographic AdS/CMT correspondence, see e.g. [1] [2] [3] [4] . A number of condensed matter systems are known to enjoy this type of scaling. For instance, the quantum Hall fluid has been proposed to possess a non-linear dispersion with z = 2 [5, 6] , while the (1+1)dimensional Bose gas in cold atom systems can be related to z = 3 dispersion [7] . The nonrelativistic effective field theory description of such systems is invariant under the Lifshitz group, which in (1+1)-D is generated by translations in space and time and the anisotropic scale transformation (1.1). At finite temperature, chiral movers with Lifshitz scaling can be described in terms of the torus partition function
where τ = iβ/ (2π ) is the modular parameter, defined in terms of the inverse temperature β and the radius of the cylinder , and ρ z (E) is the density of states at fixed energy E. As explained in [8, 9] , assuming modular invariance of the partition function in the anisotropic case implies that
which connects the spectrum at high and low temperatures and reduces to the well-known modular invariance in CFT 2 for z = 1 [10] . If the spectrum has a gap with a non-vanishing ground state energy given by −E 0 [z], then the asymptotic growth of the number of states at fixed energy E |E 0 [z]| can be obtained from the Cauchy transform of (1.3) in the steepest descent approximation
In this section, we show that for (1+1)-dimensional weakly-coupled systems at high temperatures on a cylinder of radius , the leading term of the asymptotic growth of the number of states ρ z (E) in (1.5) agrees with the asymptotic growth of the number of partitions of an integer N into z-th powers p z (N ). This is true provided that the ground state energy and the radius of the cylinder are precisely linked with the characteristic energy of the quasiparticles. Indeed, if the interactions are weak enough so that at high temperature the system behaves as a gas of free quasiparticles, as pointed out in the introduction, the dispersion relation has to be of the form
where k n = n/ is the quasiparticle momentum, n is a non-negative integer and ε z stands for the characteristic energy of the modes. The total energy is then given by
Therefore, assuming the ordering n 1 ≥ n 2 ≥ . . . ≥ 0 to count only indistinguishable configurations, the number of states with fixed energy E corresponds to the combinatorial problem of finding the number of power partitions p z (N ) for fixed N = i n z i = E/ε z . Quite remarkably, this problem was solved in 1918 by Hardy and Ramanujan [14] . Indeed, in one of the last formulas of their paper, one finds that for large N , the leading term of the asymptotic growth of power partitions is given by
.
(2.2) Surprisingly, for z > 1 the result was actually a conjecture, proven later by Wright in 1934 using generalized Bessel functions [15] . A simplified proof has been recently given in [16] for z = 2, and extended to z ≥ 2 in [17] , both using the Hardy-Littlewood circle method. Hence, at high temperature, the leading term of the entropy can be read from (2.2), and it is given by
(2.3)
One then concludes that at high temperature, the asymptotic growth of the number of states obtained from anisotropic modular invariance, given by ρ z (E) in (1.4) , agrees with the one from number theory given by p z (N ) in (2.2), provided that the characteristic energy of the dispersion relation is related to the radius of the cylinder and the non-vanishing ground state energy according to
Expressing the leading term of the entropy in terms of the characteristic energy as in (2.3) possesses an advantage, since the formula holds even if the ground state energy vanishes. Note that, for z = 1, the characteristic energy is related to the effective central charge as c eff = (ε 1 ) −1 , so that according to (2.4) , the energy of the ground state acquires the expected form for chiral movers
Besides, one of the advantages of expressing the entropy as in (1.5) is that its value can be directly obtained from the ground state energy, which certainly helps in cases where the microscopic counting cannot be explicitly performed. It is also worth pointing out that the asymptotic growth of the number of states in (1.4) was recovered from an anisotropic extension of modular invariance which actually holds for real values of z > 0 1 . Therefore, by virtue of the equivalence between (1.5) and (2.3), one is naturally led to conjecture that the expression for the asymptotic growth of the power partitions of Hardy and Ramanujan can actually be extended to hold for positive real values of z. Indeed, very recent results in number theory give support to this conjecture, since it has already been proved for z = 1 2 in [22] and for 0 < z < 1 in [23] . Remarkably, Li and Chen in [23] have also arrived to the same conjecture, but following a completely different line of reasoning.
Free Boson with Lifshitz Scaling
In order to test the results of the previous section, it is instructive to consider the simple case of a free boson with Lifshitz scaling, described by
Here σ is an arbitrary parameter with unit of length, and the units have been chosen such that, for z = 1, the speed of light is unity. The dispersion relation of the modes then reads
so that the characteristic energy of left and right movers matches eq. (2.1). The Hamiltonian of chiral movers can then be written as
where [a n , a m ] = n 2 δ n,−m , and by virtue of ζ-function regularization, the ground state energy is
In the case of even values of z the ground state energy vanishes, and hence the entropy of chiral movers can be obtained from (2.3) with ε z given by (3.2) . When z takes odd values, the ground state energy (3.4) becomes non-trivial, and remarkably, the duality relation between the characteristic energy ε z , the energy of the ground state E 0 [z] and the radius of the cylinder in (2.4) becomes identically fulfilled by the reflection property of the Riemann ζ-function
Therefore, for odd values of z, the leading term of the entropy can be either obtained from (2.3) with ε z = σ z−1 z , or equivalently by virtue of (1.5) with E 0 [z] given by (3.4) .
Interestingly, according to number theory, the sequence of power partitions possesses the following generating function (see e.g. [14, 17] 
and hence, the partition function for free bosons with Lifshitz scaling acquires the form
(3.5)
with q = e 2πiτ . Here N (τ ; z) stands for a non-exponential one-loop correction, coming from the contribution of zero modes, so that it does not modify the leading high temperature asymptotics of Z[τ ; z]. Subleading corrections and further details about its precise form in connection to the anisotropic modular invariance will be addressed in [24] . Note that for z = 1, the action (3.1) reduces to the one of a free boson in CFT 2 , while the energy of the ground state energy is recovered from (3.4) to be given by −E 0 [1] = − 1 24 , in agreement with the known result for chiral movers. Thus, the duality relation in (2.4) reduces to (2.5), which is consistent with the fact that c ef f = 1. The suitable factor of the partition function in this case is given by N (τ ; 1) = Im (τ ) −1/2 (see e.g. [10] ).
Microstate Counting and the Quantum Benjamin-Ono 2 Hierarchy
In the previous section, we discussed a simple free bosonic model with Lifshitz scaling z and how its spectrum is connected to the partitions of integers into z-th powers. Here we describe a quantum integrable system, with an infinite set of conserved quantities, presenting Lifshitz scaling in the semiclassical limit, the quantum Benjamin-Ono 2 (BO 2 ) model. This will give an interesting link between the semiclassical limit of quantum systems, microstate counting of models with Lifshitz scaling and gravitation on AdS 3 .
Classical Formulation of the BO 2 Hierarchy
The Benjamin-Ono equation describes deep inner waves in a stratified fluid, being then a counterpart of the KdV equation for propagation in a shallow depth channel [25] . Both equations possess solitonic solutions and an infinite set of commuting conserved quantities, so that they belong to a hierarchy of integrable systems. The Benjamin-Ono 2 (BO 2 ) hierarchy is a generalization of these integrable systems [26] [27] [28] , describing non-linear perturbations and solitonic waves on the edge of the quantum Hall fluid [5, 6, 29, 30] , as well as in further applications of one-dimensional condensed matter systems [5, 30, 31] . It is defined in terms of two dynamical fields, L(t, x) and J (t, x), which we assume to be 2π-periodic in the x coordinate.
The BO 2 hierarchy also possesses solitonic solutions and an infinite set of commuting integrals of motion H z = c 12π H z (x)dx, with z ∈ Z >0 , so that the field equations of the z-th representative can be written in Hamiltonian form aṡ
where the Poisson brackets are given by 2
and
x . The first three densities H z read
where H is the Hilbert transform defined by the principal value integral
The remaining conserved quantities of the hierarchy can be obtained recursively by imposing commutativity, {H k , H l } = 0. More powerful methods to obtain the integrals of motion can be found in [26-28, 32, 33] . For our purposes, it is worth stressing that the BO 2 equations are invariant under anisotropic scaling of Lifshitz type with dynamical exponent j in (1.1), provided that the fields scale as L → λ −2 L, J → λ −1 J . Indeed, the conserved charges scale according to H z → λ −z H z , and thus, the Hamiltonian of the z-th representative of the hierarchy, H z , becomes labeled in terms of its scaling dimension z, which matches the dynamical exponent used before.
In spite of the non-locality introduced through the Hilbert transform, it is remarkable that BO 2 can be quantized.
Quantum BO 2 Hierarchy
The quantum BO 2 hierarchy surprisingly emerges in the context of the AGT correspondence, which describes a relationship between 4d N = 2 supersymmetric gauge theories and 2d conformal field theories [34] . The partition function of certain type of supersymmetric models, called class-S models, is given by the Nekrasov partition function Z inst [35] . The AGT correspondence states that Z inst ∝ F c , where F c is a Liouville CFT conformal block. For the detailed map between the two sides, see [34] . Here, we just sketch the minimal information about the correspondence that is useful for our requirements.
The proof of the AGT expansion relies on the introduction of a new basis of descendant CFT 2 states, which we call the AFLT basis [36] . It starts by considering the tensor product algebra A = Vir ⊗ H, spanned by the modes L n of the Virasoro algebra (Vir) and the modes a n of the Heisenberg algebra (H), so that [a n , L m ] = 0. In CFT, the generators of A are given in terms of the energy-momentum tensor T and the U (1) current J. Here we use an alternative normalization, with respect to CFT, for the mode expansion of these currentŝ
to match the conventions set in the classical formulation in section 4.1. As in [33, 36] , we also discard the zero mode of the u(1) current. Notice that, forL andĴ to be Hermitian, we set L † n = L −n and a † n = −a −n . To proceed, we introduce the standard Liouville notation for the central charge and conformal dimensions [37] 
where b is the Liouville parameter and the momentum P labels the primary states. The orthogonal AFLT basis reads
where the first few coefficients C µ 1 ,µ 2 λ (P ) are given in [36] . Here λ = (λ 1 , λ 2 ) corresponds to two integer partitions λ k = {(λ k ) 1 , (λ k ) 2 , . . . , (λ k ) n )}, with k = 1, 2, and λ 1 ≥ λ 2 ≥ · · · ≥ λ n . One of the main conclusions of [36] is that the insertion of the completeness relation of the basis (4.8) in a CFT correlator gives the AGT conformal block expansion.
The AFLT basis |P λ also diagonalizes an infinite set of mutually commuting operators H z , z ∈ Z >0 , given by the quantum BO 2 integrals of motion and their eigenvalues can be explicitly obtained [33, 36] . The quantum integrals of motion H z lie in the universal enveloping algebra of A. The first two of them read
while for odd values of z = 2n − 1 one obtains
where the ellipsis stands for non-zero modes. Note that we have defined the operators H j to be Hermitian, so that the spectrum is real, and the classical integrals of motion H j obtained from the densities (4.3), can be recovered from (4.9) in the semiclassical limit b → 0.
. For a generic Hamiltonian H z , it was conjectured in [36] and [33] that the spectrum can be written as a sum of two eigenvalues of the Calogero-Sutherland model plus some extra terms depending only on ∆ and c. The Calogero-Sutherland eigenvalues are given by h
We call h (z) λ,µ the descendant part of the spectrum. The descendant part can be obtained from the Bethe ansatz equations conjectured in [33] and proven by [38] . We denote the contribution to the energy due to primary states as E (z) (P ), so that the ground state energy is given by E
. The eigenvalues of the first four operators H z , in our normalization, are given by
λ,µ (P ) = Note that for a generic heavy state, where ∆(P ) ≈ (c/24) L(P ) in the semiclassical limit, for z odd we have E (z) (P ) = c 12
This corresponds to a classical state with energy E (z) (P ) = ∆(P )|Ĥ z |∆(P ) . Knowing the spectrum then allows us to obtain the leading term of the entropy in the semiclassical limit. In the case of even values of z, the leading entropy can be obtained along the lines of number theory, while for odd values of z it can be done through anisotropic modular invariance.
Entropy for z = 2n: In the semiclassical limit b → 0, as it occurs for z = 2, 4, we assume that the energy levels have only contributions from the descendant part, so that E
This corresponds to energies close to the CFT gap. For states in which P ∼ √ c, the situation is more complicated, but, for large enough partitions, the energies are still dominated by (4.14) . The explicit values of the characteristic energies for z = 2, 4 can be read from (4.11) to be given by ε 2 = 2 3 and ε 4 = 8 5 . According to (4.14) , the asymptotic growth of the number of states then goes as in section 2, but extended to a two-colored system. Indeed, the N -colored entropy for systems with Lifshitz scaling in (1+1)d can be readily obtain from (2.3) by the replacement ε z → ε z /N z , [24] . Therefore, in this case the entropy is given by (2.3) with ε z → 2 −z ε z .
Entropy for z = 2n − 1: In this case, the energies are no longer dominated by the descendant part, but instead by the primary part E (z) (P ). In the semiclassical limit, assuming that ∆ c, the leading contribution of E (z) (P ) comes from normal ordering of the leading term of the Hamiltonian, H z ∼L Hence, in this case the entropy is determined by (1.5) with E 0 [z] = E (z) 0 . In the next section, we connect the present discussion of the semiclassical BO 2 spectrum with gravitation on AdS 3 and black holes.
Geometrization of Benjamin-Ono 2 and Black Hole Entropy in 3D
Following the lines of [9] , here we show that the BO 2 hierarchy of integrable systems can be fully geometrized, in the sense that its dynamics can be equivalently understood in terms of the evolution of spacelike surfaces and U (1) fields with vanishing field strength embedded in locally AdS 3 spacetimes. Let us then consider the Einstein-Hilbert action with negative cosmological constant in 3D, endowed with a couple of noninteracting U (1) fields
which agrees with the bosonic sector of N = (2, 2) supergravity [39] . Note that since the U (1) fields are described by Chern-Simons actions, the spacetime metric does not acquire a back reaction due to their presence. Therefore, the field equations imply that spacetime is of negative constant curvature, carrying two independent U (1) fields of vanishing field strength.
As done in [9] (see also [40] ), it can be shown that there exists a precise set of boundary conditions, being such that, in the reduced phase space, the field equations obtained from (5.1) exactly reduce to (left and right copies of) BO 2 . This can be seen as follows. According to [39, 41] , up to boundary terms, the action (5.1) can be written as the difference of two Chern-Simons actions, both with level k = /4G, for independent SL(2, R) × U (1) gauge fields, so that the dreibein and the (dualized) spin connection are related to the SL(2, R) gauge fields as A ± SL(2,R) = ω ± e −1 . We then have to specify the asymptotic structure of the fields. For simplicity we restrict the analysis to the left copy, since the extension to the remaining one is straightforward. It is useful to make a gauge choice as in [42] [43] [44] , so that the SL(2, R) × U (1) connection reads
with g = e log(r/ )L 0 . This gauge choice certainly simplifies our task, since the remaining analysis can be performed in terms of the auxiliary gauge field
which exclusively depends on t, φ. Thus, the asymptotic form of (5.3) is proposed to be given by
where µ, ξ stand for Lagrange multipliers associated to the dynamical fields L, J respectively. The boundary conditions then become fully specified only once the Lagrange multipliers are kept fixed at the boundary, located at a fixed value of the radial coordinate. Our choice of boundary conditions then consists in precisely fixing µ and ξ in terms of the dynamical fields and their derivatives along φ according to
where H z stands for the z-th conserved charge of BO 2 , with c given by the Brown-Henneaux central charge c = 3 /2G [45] .
Since we are dealing with a Chern-Simons theory, the field equations imply that the SL(2, R) × U (1) connection A is locally flat, and by virtue of the gauge choice in (5.2) , the field strength of the auxiliary gauge field (5.3) also vanishes. Therefore, the components of a in (5.4) reduce to an SL(2, R) × U (1)-valued Lax pair formulation of the BO 2 hierarchy, so that the field equations in (4.1) can be compactly written as f = da + a 2 = 0 .
(5.5) Therefore, two independent copies of the BO 2 equations are precisely recovered from the reduced phase space of the three-dimensional field equations of (5.1) endowed with our choice of boundary conditions. Furthermore, according to [9] , the symmetries of the BO 2 equations, spanned by the conserved quantities H j , now emerge from the set of diffeomorphisms that preserve the asymptotic form of the gauge field. Noteworthy, in the geometric framework, the symmetries of BO 2 become Noetherian, and hence, the infinite set of commuting conserved charges H j is precisely obtained from the corresponding surface integrals in the canonical approach [46] 3 . In particular, the total energy of a three-dimensional configuration that fulfills our boundary conditions, including gravitation and the U (1) fields, is then given by the sum of left and right Hamiltonians of BO 2 , i.e., E = Q[∂ t ] = H + z + H − z . In sum, the whole structure of classical BO 2 , including its phase space, the infinite number of commuting charges and its field equations, emerges from the reduced phase space of gravitation on AdS 3 coupled to two U (1) fields with our boundary conditions. Hence, this construction provides a gravitational dual of two noninteracting left and right BO 2 movers, describing locally AdS 3 spacetimes with anisotropic scaling induced by the choice of boundary conditions. Consequently, any solution of the BO 2 equations can be mapped into a locally AdS 3 spacetime with suitable U (1) fields of vanishing field strength. In particular, one of the most trivial BO 2 configurations, given by J ± = 0 and L ± = −2 (r + ± r − ) 2 constants, corresponds to the geometry of a BTZ black hole in vacuum [48, 49] . Note that in the geometric picture this configuration is clearly non-trivial because the event horizon has Hawking temperature and entropy, and its mass and angular momentum become well defined in terms of left and right BO 2 energies
provided that z = 2n − 1. Note that (5.6) agrees with (4.13). This geometric realization suggests that the reduced gravitational phase space could be quantized in terms of two copies of BO 2 , so that the states would be given by the AFLT ones in (4.8). Indeed, two points are worth to be emphasized:
(i) The ground state energy of quantum BO 2 in the semiclassical limit, given by E (ii) The leading term of the asymptotic growth of the number of states is then obtained from (1.5) for both copies, i.e.,
where E + 0 [z] = E − 0 [z] stand for left and right energies of the ground state, determined by (5.7). Hence, for left and right energies given by the ones of the black hole, i.e., E ± = H ± z [L ± ] in (5.6), noteworthy, the entropy obtained from the anisotropic extension of Cardy formula (5.8) exactly reduces to the one of Bekenstein and Hawking, given by
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